In this supplementary material, we provide a description of the Lambert W-function and the model equations, the detailed deduction for the equivalent model with media-induced switching surface, and basic analysis of the switching system.
Lambert W-function
The Lambert W-function, denoted by W = W(z), is defined as a multivalued inverse of the function zexp(z) satisfying W(z)exp(W(z)) = z.
Therefore the derivative of function zexp(z) with respect to z can define two branches W(0, z) and W (−1, z) when restricted to the interval [−1, ∞) and the interval (−∞, −1].
Note that both branches are defined in the common interval [−e −1 , 0), with W(0, z) > W (−1, z) for z ∈ (−e −1 , 0), W(0, −e −1 ) = W(−1, −e −1 ) = −1 and W(0, e) = 1. The derivative of W(z) with respect to z can be calculated as follows
.
See reference [21] for more details. (S1)
Recall that M 1 (t) := p 1 I(t) + q 1 I q (t)) + p 2 I (t) + q 2 I q (t). Note that M(t) = M 1 (t) if M 1 (t) > 0. It follows from the second and fourth equations of (2) that
and
Using the definitions of G i (t) (i = 0, 1, 2, 3) and adding equations (S2) and (S3) yield
which is equivalent to
Note that exp[−G 2 (t) + G 3 (t)]G 0 (t) > 0 for all t ≥ 0. Therefore, using the Lambert W function, we obtain
Now we examine the condition under which M 1 (t) > 0. To this end, we consider
Therefore, we have
i.e.
[G 3 (t) − G 2 (t)] = G 0 (t).
Solving the above equation with respect to S , we obtain the switching surface,
Since M 1 (t) defined by (S5) is a strictly monotonic function with respect to S , we conclude that M 1 (t) > 0 is equivalent to S > S c .
Now the transmission function β can be defined as
Consequently, the model (2) with (1) in the main text becomes a switching system determined by the switching surface S c . The switching system (S1) subject to (S8) specifies that there is a threshold for susceptibles (as a function of I and I q ) above which media impact becomes effective in reducing transmission.
Basic reproduction number for the switching system
In order to obtain an analytical formula for the basic reproduction number R 0 of the switching system (S1) subject to (S8), we first consider the two subsystems in isolation.
The subsystem for S ≤ S C :
This system has two equilibria: disease-free equilibrium E 1 0 = (Λ/m S , 0, 0, 0) and the endemic equilibrium E 1 * = (S 1 * , I 1 * , S 1 q * , I 1 q * ), where
(S10)
The subsystem for S > S C : With S > S C we have β = β 0 exp(−M 1 (t)). Letting
For subsystem (S11), the disease-free equilibrium E 1 0 exists, so we only discuss the existence of an epidemic state. In the following we show that R 0 > 1 is the sufficient and necessary condition for the existence of a unique epidemic state of subsystem (S11), denoted by E 2 * = (S * , I * , S q * , I q * ). In fact, the epidemic state E 2 * of model (S11) must satisfy the following equations:
Substituting this into the first equation of (S12) and solving it with respect to S * , we get
Combining the second equation P I S * I * − m I I * = 0 of (S12) and the fourth equation
and so
Substituting S * into the second equation of (S12) yields
Note that
Let
It is easy to see that A 2 > 0. Therefore the equation (S15) becomes G(I * ) = 0, where
Differentiating the above equation with respect to I * yields
Rearranging the above equation yields
Therefore, by the definition of the Lambert W function, if
then equation (S18) has two roots, denoted by I c 1 * and I c 2 * with I c 1 * ≤ I c 2 * , where
We thus conclude that if the inequality (S19) is reversed, i.e.,
then there exists a unique I * > 0 such that G(I * ) = 0 provided R 0 > 1, and that there is no I * such that G(I * ) = 0 for R 0 ≤ 1. Now we assume that inequality (S19) holds, i.e. I c 1 * and I c 2 * exist. For this case, the signs of G(I c i * )(i = 1, 2) play a vital role in determining the positive roots of equation G(I * ) = 0. Namely, note that for i = 1, 2,
with k = 0 or -1. Thus for i = 1, 2 and k = 0, −1, we have
Based on the above discussion, we have the following:
Proposition. For the model (S11), the disease-free equilibrium always exists, and there exists a unique epidemic state E 2 * if R 0 > 1.
The stability of the disease free state and the epidemic state
In the following we initially address the local stability of the disease free state E 1 0 = (Λ/m S , 0, 0, 0) for two subsystems. The Jacobian matrix at E 1 0 for system (S9) is given by
Denote F(S , I, I q ) = e −G 2 (t)+G 3 (t) G 0 (t) and G (I, I q W(F(S , I, I 
The Jacobian matrix at any equilibrium E * can be calculated as follows
Therefore, at the disease-free equilibrium E 1 0 = (Λ/m S , 0, 0, 0), we have
Then the disease free equilibrium is locally asymptotically stable if R 0 < 1. Similarly, we can examine the eigenvalues of the Jacobian matrix at the endemic state E 2 * and determine its local stability.
In summary, the disease-free equilibrium (Λ/m S , 0, 0, 0) for the switching system is locally asymptotically stable if R 0 < 1. Table 1 in the main text.
